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Abstract
Some qualitative results for forced oscillations on di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variational or implicit function methods. c© 2000 Elsevier Science B.V. All rights reserved.
Keywords: Periodic solutions; Ordinary dierential equations; Dierentiable manifolds
1. Introduction and preliminaries
In this paper we obtain some qualitative results for forced oscillations on dierentiable manifolds
which cannot be deduced via variational or implicit function methods. Namely, given a boundaryless
submanifold M of Rk , we study the forced oscillations of a mass point constrained to M and acted
on by two forces: an autonomous one and a T -periodic small perturbation of it. For this kind of
problems we establish multiplicity results.
In fact, one can prove directly that, when the perturbing T -periodic force is small enough, to any
non-T -resonant zero of the autonomous unperturbed force (see Section 2 for a denition) there corre-
sponds a T -periodic solution of the perturbed motion equation whose image is close to a neighbor-
hood of such a zero (see e.g. [9]). In this paper we prove that, under reasonable topological condi-
tions, there exists at least another T -periodic solution whose image is not necessarily near a zero of
the unperturbed force.
The methods used can be traced back to [5,6] and, mainly, [7], where a multiplicity result for the
spherical pendulum was proved. The purpose of this work is to give a coherent and clear treatment of
the techniques used, as well as to enlighten the interplay between the analytical and the topological
viewpoint. In particular, we frame the core of our work in an abstract topological setting.
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As a matter of fact, we establish a \topological" multiplicity result (Theorem 3.3 below) and we
use it to deduce an abstract theorem (Theorem 3.7 below) concerning the multiplicity of forced
oscillations for periodic perturbations of second-order ODEs on boundaryless manifolds. Finally,
as applications we provide more concrete multiplicity results such as, for instance, Theorem 4.3 (in
presence of a frictional force) or Theorem 4.6 (possibly without friction) which includes, as particular
cases, the multiplicity results for the ordinary and the spherical gravitational pendula contained in
[6,7], respectively.
As remarked above, for the T -periodically perturbed gravitational pendulum (both ordinary and
spherical) it is relatively easy to prove that, when the perturbation is small enough, there exists an
harmonic solution near the north pole. As a consequence of Theorem 4.6 we will show that there
exists at least another forced oscillation even in the resonant case.
In what follows, the standard inner product in Rk will be denoted by hu; vi, with u; v 2 Rk , and
the corresponding Euclidean norm by jvj= hv; vi1=2.
If N is a dierentiable manifold embedded in some Rl, we will denote by CnT (N ); n>0, the
metric subspace of the Banach space CnT (Rl) of all the T -periodic Cn maps x : R ! N with the
usual Cn norm jj  jjn (when n=0 we will simply write CT (N )). Observe that CnT (N ) is not complete
unless N is complete (i.e., closed in Rl). Nevertheless, since N is locally compact, CnT (N ) is always
locally complete.
Let us recall some basic facts about second-order dierential equations on manifolds.
Let M be a dierentiable manifold in Rk . Given q 2 M , TqM Rk denotes the tangent space to
M at q. By
TM = f(q; v) 2 Rk  Rk : q 2 M; v 2 TqMg
we mean the tangent bundle of M .
Given a continuous map ’: RTM ! Rk such that ’(t; q; v) 2 TqM for all (t; q; v) 2 RTM , we
will say that ’ is tangent to M , though it is not a tangent vector eld on M . The motion equation
associated with the force ’ can be written in the form
x = ’(t; x; _x): (1)
A solution of (1) is a C2 map x : J ! M , dened on a nontrivial interval J , such that x(t) =
’(t; x(t); _x(t)) for all t 2 J , where x(t) denotes the orthogonal projection of x(t) 2 Rk onto Tx(t)M .
It is not dicult to prove that there exists a unique smooth map r : TM ! Rk , with values in
(TqM)?, which is quadratic in the second variable v 2 TqM , for any q 2 M , and is such that, for
any C2 curve x : J ! M; x(t) = r(x(t); _x(t)), where x(t) denotes the orthogonal projection of x(t)
onto (Tx(t)M)?. Hence, Eq. (1) can be equivalently written as
x = r(x; _x) + ’(t; x; _x):
The map r is strictly related to the second fundamental form on M and may be interpreted as the
reactive force due to the constraint M . Actually, given (q; v) 2 TM; r(q; v) is the unique vector of
Rk which makes (v; r(q; v)) tangent to TM at (q; v).
It is well-known that (1) can be written, in an equivalent way, as a rst-order ODE on TM as
follows:
_= ’^(t; );
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where ’^(t; q; v)= (v; r(q; v)+’(t; q; v)). It can be shown that ’^, called the second-order vector eld
associated to ’, is a tangent vector eld on TM . For a more extensive treatment of the subject of
second-order ODEs on manifolds from this embedded viewpoint see e.g. [1].
In what follows we deal with the following second-order equation depending on a parameter:
x = h(x; _x) + f(t; x; _x); >0; (2)
where h : TM ! Rk and f : R  TM ! Rk are assumed to be continuous maps such that h(q; v)
and f(t; q; v) belong to TqM for any (t; q; v) 2 R  TM (that is, with the terminology introduced
above, f and h are tangent to M), and f is T -periodic with respect to the rst variable. A pair
(; x) 2 [0;1)  C1T (M) is called a T -pair for the second-order equation (2) if x is a solution of
(2) corresponding to . In particular, we will say that (; x) is trivial if  = 0 and x is constant.
Note that, in general, there may exist nontrivial T -pairs of (2) for  = 0, as in the case of the
inertial motion on a sphere. One can show that, no matter whether or not M is closed in Rk , the
set of T -pairs of (2) is always closed in [0;1) C1T (M) and locally compact (see e.g. [3] or [7]).
Moreover, if M is closed in Rk , any bounded closed subset of T -pairs is compact.
As pointed out above, Eq. (2) can be written as
x = r(x; _x) + h(x; _x) + f(t; x; _x); >0; (3)
or, equivalently, as
_= h^() +  f(t; ); (4)
where
h^(q; v) = (v; r(q; v) + h(q; v));
f(t; q; v) = (0; f(t; q; v)):
It is readily veried that f is tangent to TM R2k (even if not a second-order vector eld); hence
(4) is actually a rst-order equation on TM .
As in [8], we tacitly assume some natural identications. For example we identify a point q 2 M
with the constant function q^ : t 7! q in C1T (M), or a function x 2 C1T (M) with (x; _x) 2 CT (TM). Also,
we regard each of the above spaces as the zero-slice of the space obtained as the Cartesian product
of [0;1) and the space under consideration. In this manner, M becomes a subset of [0;1)C1T (M)
and of [0;1) CT (TM) as well, and so on. For instance, given an open set 
 [0;1) C1T (M),
by 
 \M we denote the set of all the points q of M which, seen as pairs (0; bq), belong to 
.
In the same spirit, by hjM : M ! Rk we mean the function given by hjM (q) = h(q; 0).
2. Global and local properties of the set of T-pairs
In order to obtain multiplicity results for Eq. (2), it is useful to point out some properties of the
set of the T -pairs of this equation. In particular, our results will arise from a combination of local
and global results on this set. This section is devoted to studying these two dierent aspects.
First, we recall some basic facts about the topological degree of tangent vector elds on manifolds.
Let U be an open subset of a smooth, boundaryless manifold N Rl, and v :N ! Rl be a
continuous tangent vector eld which is admissible on U , i.e. such that the set v−1(0)\U is compact.
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Then, one can associate to the pair (v; U ) an integer, called the degree of the vector eld v in U
and denoted by deg(v; U ), which, roughly speaking, counts (algebraically) the number of zeros of
v in U (see e.g. [10], and references therein).
In the at case, namely if U is an open subset of Rl; deg(v; U ) is just the Brouwer degree (with
respect to zero) of v in any bounded open set V containing v−1(0) and such that V U . One can
see that all the standard properties of the Brouwer degree on open subsets of Euclidean spaces,
such as homotopy invariance, excision, additivity, existence, etc. are still valid in the more general
context of dierentiable manifolds.
The celebrated Poincare{Hopf theorem says that, if N is a compact manifold (possibly with
boundary @N ), and v is any tangent vector eld which points outward along @N , then deg (v; Nn@N )
equals the Euler{Poincare characteristic (N ) of N .
Given a compact relatively open subset Z of v−1(0), it is convenient to introduce the index
i(v; Z) of v at Z as follows: i(v; Z) = deg(v; U ), where U is any open neighborhood of Z such that
Z = v−1(0) \ U .
Theorem 2.1 (Furi and Spadini [8]). Let M Rk be a boundaryless manifold; and let h : TM ! Rk
and f :R  TM ! Rk be tangent to M; with f T -periodic in the rst variable. Given an open
subset 
 of [0;1)  C1T (M); assume that deg(hjM ; 
 \ M) is well dened and nonzero. Then 

contains a connected set   of nontrivial T -pairs for (2) whose closure meets 
 \ (hjM )−1(0) and
is not contained in any compact subset of 
. In addition; if M is closed in Rk ; then   is not
contained in any bounded and complete subset of 
.
The following consequence of the above theorem deserves to be mentioned.
Corollary 2.2. Assume h is C1 and q 2 (hjM )−1(0) is such that the Frechet derivative (hjM )0(q) :
TqM ! Rk of hjM at q is injective. Then (2) admits a connected set of nontrivial T -pairs whose
closure meets q and is either noncompact or intersects (hjM )−1(0) nfqg.
Proof. Since q is a zero of the tangent vector eld hjM , the Frechet derivative (hjM )0(q) : TqM !
Rk maps TqM into itself (see e.g. [10]). Thus, (hjM )0(q) being injective, we get det(hjM )0(q) 6= 0.
This implies i(hjM ; q) = sign det(hjM )0(q) = 1. Now apply Theorem 2.1 taking 
 = ([0;1) 
C1T (M)) n((hjM )−1(0) nfqg). Observe that 
 is open since the condition det(hjM )0(q) 6= 0 implies
that q is an isolated zero of hjM .
From Theorem 2.1 it follows that if q 2 M is an isolated zero of hjM such that i(hjM ; q) 6= 0, then
q belongs to the closure of a connected set of nontrivial T -pairs of (2). However, it may happen
that q is an accumulation point of nontrivial T -pairs all contained in the slice f0g  C1T (M), as in
the harmonic oscillator equation (here M = R and T = 2):
x =−x +  sin t; >0:
In order to nd multiplicity results we need to avoid this \degenerate" situation. For this reason,
given a point q 2 (hjM )−1(0), we will give conditions on h which ensure that q is isolated in the
set of T -pairs corresponding to  = 0 (and, consequently, isolated in (hjM )−1(0)) and has nonzero
index.
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From now on, unless dierently stated, h will be assumed C1. We say that a point q 2 (hjM )−1(0)
is T -resonant for one of the two equivalent equations (2) or (3) if the linearized equation (on TqM)
of (3),
x = D1h(q; 0)x + D2h(q; 0) _x; (5)
which corresponds to =0, admits nonzero T -periodic solutions. Here D1h(q; 0) and D2h(q; 0) denote
the partial derivatives at (q; 0) of h with respect to the rst and the second variable.
Remark 2.3. To see that (5) is in fact an equation on TqM we must prove that both D1h(q; 0) and
D2h(q; 0) are endomorphisms of TqM .
Since q is a zero of the tangent vector eld hjM , the Frechet derivative (hjM )0(q), which is the
partial derivative D1h(q; 0), maps TqM into itself.
The fact that D2h(q; 0) is an endomorphism of TqM follows from h(q; v) 2 TqM for any v 2 TqM .
Equivalently, q 2 (hjM )−1(0) is T -resonant for (2) if the linearized problem (on T(q;0)TM)
_= h^
0
(q; 0);
(0) = (T )
has nonzero solutions. This is in turn equivalent to the fact that h^
0
(q; 0) has at least an eigenvalue
of the form 2li=T with l 2 Z.
It is convenient to express the T -resonance condition at a point q 2 (hjM )−1(0) in terms of the
partial derivatives of h.
Since
T(q;0)TM = TqM  TqM;
the linear operator h^
0
(q; 0) : T(q;0)TM ! T(q;0)TM is represented by the block matrix
0 I
D1h(q; 0) D2h(q; 0)

;
where I is the identity on TqM . Straightforward computations (see e.g. [9]) show that q is T -reso-
nant if and only if
det
 
D1h(q; 0) +
2li
T
D2h(q; 0) +

2l
T
2
I
!
= 0; (6)
for some l 2 Z. Consequently, if q 2 (hjM )−1(0) is non-T -resonant, putting l= 0,
det((hjM )0(q)) = detD1h(q; 0) 6= 0:
As a consequence of this fact and Corollary 2.2 we get the following:
Corollary 2.4. Assume q 2 (hjM )−1(0) is non-T -resonant. Then
1. the point q is isolated in the set of T -pairs corresponding to = 0;
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2. there exists a connected set of nontrivial T -pairs of (2) whose closure meets q and is either
noncompact or intersects (hjM )−1(0) nfqg.
Proof. If f is assumed C1, the rst assertion can be deduced from the Implicit Function Theorem.
However, it remains true even though f is only continuous. In fact, since q is non-T -resonant, from
Lemma 3:3 of [7] it follows that q is an isolated point of the set
fx 2 C1T (M) : (0; x) is a T -pair of (2)g:
The claim now follows from Corollary 2.2.
In particular cases, it is possible to obtain from (6) some simpler conditions for the T -resonance
of q 2 (hjM )−1(0). For instance, if D2h(q; 0) = 0, then q is T -resonant if and only if D1h(q; 0) has
eigenvalues of the form −(2l=T )2, for l 2 Z.
Another interesting case is when h is the sum of a positional and a frictional force, namely
h(q; v) = g(q)− v, where g : M ! Rk is a C1 tangent vector eld and > 0. We immediately get
that q 2 g−1(0) is T -resonant if and only if some −(2l=T )2 + 2li=T belong to the spectrum of
g0(q). In particular, if g = gradG, with G : M ! R a C2 function, then, by standard computations,
using the fact that  6= 0, one can show that any nondegenerate zero q of g (i.e. such that g0(q) :
TqM ! TqM is nonsingular) is non-T -resonant for any T > 0.
3. Multiplicity results
This section is devoted to the problem of giving conditions ensuring the existence of multiple
forced oscillations on compact manifolds. In order to do that, as a rst step, we frame the problem in
the ‘abstract’ setting of metric spaces, dening the notion of ejecting set (see below) and obtaining a
purely topological multiplicity result. Then, we use the abstract result to deduce the desired condition.
Let Y be a metric space and X a subset of [0;1)  Y . Given >0, we denote by X the slice
fy 2 Y : (; y) 2 X g. Moreover, given a topological space S and two subsets A and B, with AB;
A
B
and A will denote the closure of A in B and in S, respectively. Analogously, by FrB(A) and by
Fr(A) we refer to the boundary of A relative to B and to S, respectively. Finally, given a set Z , by
#Z we mean its cardinality.
Lemma 3.1. Let Y be a metric space and let X be a locally compact subset of [0;1)  Y .
Assume K is a compact relatively open subset of the slice X0. Then; for any suciently small open
neighborhood U of K in Y; there exists a positive number  such that
X \ ([0; ] Fr(U )) = ;:
Proof. Since the compact set K is open in X0, there exists an open neighborhood W of K in Y
such that X0 \ W = K . For the compactness of K and the local compactness of X , there exist an
open neighborhood V of K in W and a positive number  such that X \ ([0; ]  V ) is compact.
Let U be any open neighborhood of K contained in V . Let us show that for some  2 (0; )
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one has
X \ ([0; ] Fr(U )) = ;:
Assume by contradiction that there exists a sequence f(i; yi)gi2N such that i ! 0 as i ! 1,
and
(i; yi) 2 X \ ([0; ] Fr(U )):
For the compactness of X \ ([0; ] U ), we can assume that (i; yi)! (0; y0). Thus,
y0 2 X0 \ Fr(U );
which is a contradiction since X0 \ ( W nU ) = ;.
Let X be a subset of [0;1) Y . We say that AX0 is an ejecting set (for X ) if it is relatively
open in X0 and there exists a connected subset of X which meets A and is not contained in X0.
Remark 3.2. An important example of ejecting set (or, rather, ejecting point) is provided by any
non-T -resonant point of (2). In fact, as a consequence of Corollary 2.4, if X denotes the set of
T -pairs of (2), any non-T -resonant q 2 hj−1M (0) for (2) turns out to be an isolated point of X0 which
is ejecting.
Theorem 3.3. Let Y be a metric space and let X be a locally compact subset of [0;1)  Y .
Assume that X0 contains n pairwise disjoint ejecting subsets; n − 1 of which are compact. Then
there exists > 0 such that #X>n for any  2 [0; ).
Proof. If n = 1, let A be an ejecting subset of X and   be a connected component of X which
meets A and is not contained in X0. Hence the projection of   on the rst component of [0;1)Y
must contain a nontrivial interval of the form [0; ].
Assume now n>2. Let A1; : : : ; An−1 be pairwise disjoint compact ejecting sets. For i=1; : : : ; n−1,
let  i be a connected component of X which meets Ai and is not contained in X0. By Lemma 3.1,
given i 2 f1 : : : n− 1g, there exists a neighborhood Ui of Ai in Y and a number i > 0 such that
X \ ([0; i] Fr(Ui)) = ;: (7)
We can assume X0 \ Ui =Ai and Ui \ Uj = ; for i; j 2 f1; : : : ; n− 1g with i 6= j. Furthermore, from
the connectedness of the  i’s it follows that, reducing in case i,
 i \ Ui 6= ;; (8)
for  2 [0; i].
From (8) it follows #X>n− 1, for any  2 [0; n], where n =minf1; : : : ; n−1g.
Since by assumption X0 contains n distinct ejecting sets, there exists a connected set  nX which
meets An = X0 n Sn−1i=1 Ai and is not entirely contained in X0. Hence the projection on [0;1) of  n
must contain a nontrivial interval of the form [0; ].
Take  = minf; ng. Let us show that #X>n for any  2 [0; ). It is enough to prove that,
for such ’s, the slice  n contains some points in the open neighborhood V = Y n
Sn−1
i=1
Ui of An.
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Assume by contradiction that there exists  2 [0; ) such that  n \V = ;. Consider the following
closed subset of  n:f n =  n \ ([0; ] V ):
By (7), we have
X \ ([0; n] Fr(V )) =
n−1[
i=1
fX \ ([0; n] Fr(Ui))g= ;:
Hence f n coincides with  n \ ([0; ) V ) and, consequently, it is open in  n.
Obviously f n is nonempty, and does not coincide with  n, as <. This contradicts the con-
nectedness of  n. Hence  n \ V 6= ; for any  2 [0; ).
Note that a crucial assumption in Theorem 3.3 is the local compactness of X , as shown by the
following example.
Example 3.4. Let Y =R, and let X be the closure in [0;1)Y of the graph of (0; 1] 3 t 7! sin(1=t)
devoid of f0g (−1; 1). The set X is connected but not locally compact, and (0; 1) and (0;−1) are
two disjoint compact ejecting subsets of X0. Nevertheless #X = 1 for any  2 (0; 1].
By means of two further examples, we will now show that the compactness assumption of the
n− 1 ejecting sets in Theorem 3.3 is sharp.
Example 3.5. Let Y =R, and let X be the closure in [0;1)Y of the graph of (0; 1] 3 t 7! sin(1=t)
devoid of the point (0; 0). The set X is connected and locally compact, X0 has two open (noncompact)
disjoint ejecting subsets but #X = 1 for any  2 (0; 1].
The example below shows that even when X is closed, the compactness assumption cannot be
removed.
Example 3.6. Take Y = R2, let X be the closure in [0;1) Y of the curve
t 7! (t; cos (t−1); t−1sin(t−1)); t 2 (0; 1]:
The set X is connected and locally compact. Moreover,
X0 = f(x; y) 2 R2: x =1; y 2 Rg;
whereas, for any  2 (0; 1], we have #X = 1.
We now want to apply to the study of forced oscillations on manifolds what we have proved
above in an abstract setting.
Theorem 3.7. Let h : TM ! Rk and f : R  TM ! Rk be tangent to a closed boundaryless sub-
manifold M of Rk . Assume that h is C1; hj−1M (0) is compact and f is T -periodic in t. Let q1; : : : ;
qn−1 2 hj−1M (0) be non-T -resonant and such that
n−1X
i=1
i(hjM ; qi) 6= deg(hjM ;M): (9)
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Assume that the unperturbed equation
x = h(x; _x) (10)
does not admit (in C1T (M)) unbounded connected sets of T -periodic solutions. Then for > 0 su-
ciently small Eq. (2) admits at least n T -periodic solutions.
Note that, when M is a compact boundaryless manifold, by the Poincare{Hopf theorem one gets
deg(hjM ;M) = (M), so that (9) becomes
n−1X
i=1
i(hjM ; qi) 6= (M):
The most dicult assumption to verify in Theorem 3.7 is the nonexistence of unbounded connected
sets of T -periodic solutions of the unperturbed equation (10). Nevertheless, in many cases it is
possible to show that this property holds. For instance, in the next section we will take into account
two physically relevant situations: forced oscillations on a compact manifold with friction and the
spherical pendulum (possibly without friction).
In the statement of Theorem 3.7 we assumed the nonexistence of unbounded connected sets of
T -periodic solutions of (10). This has been done for the sake of simplicity since, as the following
proof shows, such an hypothesis could be weakened by merely assuming that (hjM )−1(0) does not
meet unbounded connected sets of T -periodic solutions of (10).
Proof of Theorem 3.7. For simplicity we will perform the proof in the case n = 2, as the general
case can be proved in an analogous way. Put q= q1 and Z = hj−1M (0) nfqg. Let X denote the set of
T -pairs of (2). By Remark 3.2, q is an ejecting point for the set X of all the T -pairs of (2). We
claim that also X0 nfqg is ejecting. Thus the assertion follows straightforwardly from Theorem 3.3.
To prove our claim, let us dene

 = ([0;1) C1T (M)) nfqg:
Since q is an isolated zero of hj−1M (0), the set Z is compact. Moreover
deg(hjM ; 
 \M) = deg(hjM ;M)− i(hjM ; q) 6= 0:
By Theorem 2.1 there exists a connected set   of nontrivial T -pairs for (2) whose closure   meets
the subset Z of X0 nfqg and is not contained in any bounded complete subset of 
.
To show that X0 nfqg is ejecting it is enough to prove that  , which clearly is a connected subset
of X , is not contained in X0.
Assume the contrary, thus   is bounded. Moreover, as q is isolated in X0;   is contained in 
.
Since [0;1)  C1T (M) is complete,   is complete as well. Hence,   is contained in the bounded
complete subset   of 
, which is a contradiction.
Remark 3.8. We observe that the n T -periodic solutions ensured by the assertion of Theorem 3.7
have pairwise disjoint images, provided that > 0 is suciently small. This is due to the fact that,
when  is small, n − 1 of them are close (in C1T (M)) to the constant solutions, q1; q2; : : : ; qn−1, of
the unperturbed equation, whereas the nth solution is bounded away from those constants.
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4. Applications
In this section we show how Theorem 3.7 can be used to deduce some concrete multiplicity results
for forced oscillations of constrained systems.
We will consider two remarkable cases of physical relevance:
(1) periodic perturbations of a positional force plus a friction on a compact boundaryless manifold,
(2) periodic perturbations of a bounded force (depending on both position and speed) tangent to
the m-dimensional unit sphere Sm.
The rst situation is perhaps the most physically meaningful, whereas the second one is more
interesting from the mathematical viewpoint. In fact, the nontrivial problem of the existence of forced
oscillations for arbitrarily large periodic perturbations (independent of the speed) of a positional
force, has been positively solved for even-dimensional spheres in [2,4]. However, those results do
not provide any information about the ‘number’ of forced oscillations.
Let us start with the rst case. Assume M to be a compact boundaryless submanifold of Rk , and
consider the equation
x = g(x)−  _x; (11)
where g : M ! Rk is a C1 tangent vector eld on M and  is a positive constant.
Lemma 4.1. Let g and  be as above. Then; the set of T -periodic solutions in C1T (M) of the second-
order equation (11) is a priori bounded.
Proof. Let us show that for any T -periodic solution x of (11) one has jj _xjj06G=, where G =
maxfg(q) : q 2 Mg. Dene #(t) = j _x(t)j2 and let  2 R be such that #() =maxf#(t) : t 2 Rg. We
get
0 = _#() = 2h _x(); x()i= 2h _x(); x()i
= 2h _x(); g(x())i − 2j _x()j2
6 2j _x()jG − 2j _x()j2:
Hence jj _xjj06G=, as claimed.
Remark 4.2. With only minor changes in the proof, one can show that the same assertion of Lemma
4.1 holds also for the slightly more general equation
x = b(q; v)− (jvj)v; (12)
where b : TM ! Rk is continuous and tangent to M ,  : [0;+1) ! R is continuous, and there
exist constants > 0 and >0 such that
jb(q; v)j6+ jvj;
< lim inf
z!+1 (z):
Combining Theorem 3.7 with Remark 3.8 and Lemma 4.1 we get the following multiplicity result.
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Theorem 4.3. Let M Rk be a compact boundaryless manifold. Consider the equation
x = g(x)−  _x + f(t; x; _x); (13)
where g and  are as above; and f : R TM ! Rk is T -periodic in the rst variable and tangent
to M . Assume q1; : : : ; qn−1 are non-T -resonant zeros such that
n−1X
i=1
i(g; qi) 6= (M):
Then; for > 0 suciently small; Eq. (2) has at least n T -periodic solutions with pairwise dierent
images.
Proof. By Poincare{Hopf theorem deg(g;M)=(M). The assertion now follows from Theorem 3.7,
Remark 3.8 and Lemma 4.1.
The above theorem has the following consequence.
Corollary 4.4. Let M Rk be a compact boundaryless manifold with j(M)j 6= 1 and let g and 
be as in Theorem 4:3. If there exists a non-T -resonant zero; then for > 0 suciently small Eq.
(13) has at least two T -periodic solutions with disjoint images.
Proof. The assertion follows from the theorem above, recalling that the index of a non-T -resonant
zero is 1.
Another remarkable case in which it is possible to prove the boundedness of the connected sets
of T -periodic solutions of Eq. (10) is when h is bounded and M is the m dimensional unit sphere
S in Rm+1, although the whole set of T -periodic solutions may be unbounded, as in the inertial case
h= 0.
Lemma 4.5. Let h : TS ! Rm+1 be C1; bounded and tangent to S. Then any connected set of
T -periodic solutions in C1T (S) of (10) is bounded.
Since for the proof we need the rotation index with respect to the origin of an admissible closed
curve in a not necessarily two-dimensional space, we give a brief description of this notion. For
further details and a more general treatment of this topic we refer to [4].
Given a continuous T -periodic curve  : R! R2 nf0g, the winding number of  with respect to
0 is the algebraic count of the turns of  around 0 in a period, and it is given by W0()=degB(^),
where ^ : S1 ! S1 is dened by ^() = (T=2)=j(T=2)j and degB stands for the Brouwer
degree of maps between manifolds.
Let E be an oriented Euclidean space and  be an oriented axis in E, i.e. an oriented 2-
codimensional, possibly trivial, subspace of E (recall that the trivial space, as any other nite-
dimensional space, has two orientations, conventionally denoted by +1 and −1). We orient the
quotient E= in such a way that the resulting orientation of (E=)  (as a product) coincides with
the one induced by the canonical identication E ’ (E=)  . Given  : R ! E nfg continuous
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and T -periodic, we dene
w(; ) =W0(  );
where  : E ! E= is the canonical projection.
Let  : R ! E be C1; T -periodic and such that, for every t 2 R, the vectors (t) and _(t) are
linearly independent. Given  2 R, we denote by  the oriented axis through the origin, orthogonal
to the plane P spanned and oriented by the ordered pair ((); _()). Here the orientation of  is
chosen accordingly to the one of E in the identication E ’   P. We say that  is admissible if
(t) 62  for any t;  2 R. If  is a T -periodic, admissible curve, by the homotopy property of the
Brouwer degree, w(; ) is independent of the choice of  2 R. Thus, we can dene the rotation
index of  with respect to the origin, as follows:
I () = w(; ):
Note that, due to the chosen orientations, although the winding number can be an arbitrary integer,
the rotation index of an admissible curve is necessarily nonnegative.
It is important to observe that the integer valued function I is dened on the open set

 = f 2 C1T (E):  is admissibleg;
and is continuous.
Proof of Lemma 4.5. Put H=sup(q;v)2TS jh(q; v)j and let M > 2TH . Following the proof of Lemma 1
in [2] and of Lemmas 2:2 and 2:3 in [4] we obtain that any T -periodic solution x of (10) such that
jj _xjj0>M is admissible with respect to the origin and its rotation index satises
I (x)>
T
2(jj _xjj0 − TH): (14)
Assume by contradiction that there exists a connected unbounded set G of nontrivial T -periodic
solutions for (10) in C1T (S). Observe that the closure G of G is a connected and unbounded set
of (possibly trivial) T -periodic solutions. By the Tietze extension theorem there exists a continuous
function ! : G ! R such that !(x) = I (x) if jjxjj1 = jjxjj0 + jj _xjj0>1 +M . Inequality (14) shows
that the image of ! is unbounded. Moreover, since G is connected, this image must actually be an
unbounded interval. This is impossible because ! takes integer values outside the set
K = fx 2 C1T (S): jjxjj161 +Mg;
which, by Ascoli’s theorem, is compact.
From Theorem 3.7, Remark 3.8 and the above lemma we get the following
Theorem 4.6. Let h : TS ! Rm+1 and f : R  TS ! Rm+1 be tangent to the m-dimensional unit
sphere S Rm+1 and let h be C1 and bounded. Assume that f is T -periodic in the rst variable
and let q1; : : : ; qn−1 2 hj−1S (0) be non-T -resonant and such that
n−1X
i=1
i(hjS ; qi) 6=

2 if m is even;
0 if m is odd:
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Then; for > 0 suciently small the Eq. (2) admits at least n T -periodic solutions with pairwise
dierent images.
Proof. It is enough to observe that by the Poincare{Hopf theorem one has
deg(hjS ; S) = (S) =

2 if m is even;
0 if m is odd:
The assertion follows from Theorem 3.7, Remark 3.8 and Lemma 4.5.
As an immediate consequence of Theorem 4.6 we have that, whatever the dimension m is, if h
has a non-T -resonant zero, then (2) admits at least two T -periodic solutions for small . In fact, the
index of non-T -resonant zero is either +1 or −1 which, in any case, is neither 0 nor 2.
Two particular cases, which have been studied in [6,7], are the gravitational pendula, either ordi-
nary (M = S1) or spherical (M = S2). In both cases the unperturbed equation can be written in the
form
x = hg(x);
where hg represents the tangential (to M) component of the gravitational force. Observe that, given
any T > 0, the north pole is a non-T -resonant zero of hg.
Summarizing, Theorem 4.6 implies the following proposition (see also [6,7]):
Given any T > 0, the T -periodically perturbed gravitational pendulum (both ordinary and
spherical) has at least two T -periodic solutions for small perturbations.
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